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. further generalization of Krall's Jacobi type polynomials*)

'y

.H. Koornwinder

\BSTRACT

We study orthogonal polynomials for which the weight function is a
.inear combination of the Jacobi weight function and two delta functions at
| and -1. These polynomials can be expressed as 4F3 hypergeometric functions
ind they satisfy second order differential equations. They include Krall's
Jacobi type polynomials as special cases. The fourth order differential equa-

:ion for the latter polynomials is derived in a more simple way.
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tial operator
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). INTRODUCTION

The nonclassical orthogonal polynomials which are eigenfunctions of a
ourth order differential operator were classified by H.L. KRALL [4]1, [5].
'hese polynomials were described in more details by A.M. KRALL [3]. The cor-
‘esponding weight functions are special cases of the classical weight func-
:ions together with a delta function at the end voint(s) of the interval of
rthogonality. A number of A.M. Krall's results can be obtained in a more
iatisfactory way:

a) Jacobi, Legendre and Laguerre type polynomials are connected with each
'ther by quadratic transformations and a limit formula.

b) The power series for the Jacobi type polynomials is of 3F2—type.

c) There is a pair of second order differential operators not depending on

. which connect the Jacobi polynomials Péa’o)(Zx—l) and the Jacobi type poly-
omials Sn(x). Combination of these two differentiation formulas yields the
‘ourth order equation for Sn(x).

It is the first purpose of the present paper to make these comments to
3]. The second purpose is to describe a more general class of Jacobi type
olynomials, with weight function (l-x)a(l+x)B + linear combination of
(x+1) and 8§(x-1). They can be expressed in terms of Jacobi polynomials as
‘(anx+bn)d/dx+cn)Péa’B)(x) for certain coefficients as bn’ <, and their
ower series in }(1-x) is of 4F3 type. Finally, they satisfy a second order
ifferential equation with polynomial coefficients depending on n, thus
eneralizing the known result for the Jacobi type polynomials Sn(x) (cf.
JITTLEJOHN & SHORE [6]) and providing further examples for HAHN's [2] gen-
:ral theory.

The general class of polynomials introduced here is remarkable because
hey are 4F3's, but I don't think they will have much further use. Anyhow,
he formulas for these polynomials seem to lack the beauty of the classical

‘acobi polynomials.
. JACOBI POLYNOMTALS

We summarize the properties of Jacobi polynomials we need, cf. [1,
10.8].




Let a,B > -1. Jacobi polynomials Péa’s)(x) are orthogonal pol:
m the interval [-1,1]with respect to the weight function (1-x)%*(1:
7ith the normalization

(a B)

(1.1) (nH = (u+1) /n!

Symmetry properties:

Jifferentiation formula:

d (OLB)()_

dx n

(a+l B+l)( ).

(1.3) 2(n+a+B+1)P

odrigues formula:
(—1>“2“n1(1—x)“(1+x)spéu,s)(x)
(1.4)

= (@/d0 ™ ((1-0 ™ (140 ™*F)

>ower series expansion:

(a+1)
(u’B) - n l -X.
Pn x) = o7 2F1 (-n,n+o+p+10+1 ;—— 5 —)
(1.5) _
) (0L+1)n n ( n)k(n+(x+8+l)k (l-x)k
n! k=0 (a+1)kk! 2 :
.aguerre polynomials:
(1.6) 1%(x) := 1im 2B (1-287 1y,
n Bow D

>rthogonal on [0,») with respect to the weight function e %%,

Jifferential equation:

[P a?/ax” + (B (arB+2)0)a/axIp{™®) ()
(1.7)
(a, 8)( ).

= ~n(n+a+B+I)P




!. DEFINITION

Fix M,N =2 0 and a,8 > -1. For n = 0,1,2,... define

o,B,M,N

2.1) Pn

(x) = ((a+8+1)_/nD)’:

L (Ol.+B+])—1 (BnM(l—x) - AnN(1+x) )d/dx + Aan]Plia’B) x),

there
1
2.2) A := (a+1)nn. + n(nta+B+1)M
T n ° (8+1)n(a+8+1)n (B+1) (a+B+1) °
|}
2.3) B oim o Dn™ | nGarargrnN
o n ° (a+1)n(a+8+l)n (a+1) (a+p+1)

’he case a+B+1

ind (1.3) we find

0 must be understood by continuity in o, B. By using (1.1)

(a+1) | (B+1)_(o+§+2) nM

. o,B,M,N _
2.4) Pn M n! * n! n! (B+1)
'rom (1.2) we have the symmetry
2.5) p BNy = (-nPpBr e TM .
n n
}. ORTHOGONALITY

Define the measure u on [-1,1] by

1 1

J f(x)du(x) := a+5+€(a+8+2) J f(X)(l-X)a(l+x)de +
J 2 T(a+DT(B+1) 7,
3.1)
+ Mf(-1) + Nf(1), f e C([-1,1]).
o,8,M,N

"HEOREM 3.1. The polynomials P (x) are orthogonal polynomials on the

n
nmterval [-1,1]1 with respect to the measure w and with the normalization

2.4).




o,8,M,N

ROOF. By (2.1) and (2.3), Pn

identically zero.

(x) is a polynomial of degree < n, no

In order to prove the orthogonality first assume n > 2. Observe tha
. -k~ .
‘he polynomials (1+x)k(1-x)n ] (k = 0,1,...,n~1) form a basis for the
ipace of polynomials of degree < n-1. If |1 < k < n-2 then
1

J PG’BaM’N(X) (1-x%)

n
-1

2k i Xan ) = 0

'y integration by parts and the orthogonality property of Jacobi polynom:
low consider k = O:
1 .
I := J Pg’B’M’N(x)(l—x)n_ldu(x).
-1
'he continuous part of p yields a contribution
F(a+6+1)(n+a+8+1)BnM

I, := °
: OFBAITL 4+ 1)T (B41)

2

1
) J Pr(lﬁl’sﬂ)(X)(l-X)aH(l+X)de,
-1
here we used (1.3) and the orthogonality property of Jacobi polynomials.
ow substitute (1.4), integrate by parts and evaluate, the resulting beta
ntegral:

_ (_;\n-1,n-1
I1 = (-1) 2 (a+l)anM/(a+B+l)n.

he discrete part of u yields a contribution -I1 to I (use (1.5), (1.2) =
1.1)) so I = 0. The case k = n-1 follows from the case k = 0 by (2.5).

Finally consider the case n = 1. By (1.5) we have

Pfu,B)(X) = (a+1) - §(a+B+2) (1-x),

0,B8,M,N

P

(x) = ~3(a+1) (@+B+1)B, (1-x) + §(B+1) (a+B+1)A, (1+x).




Hence

by eva

4. SPE

4.1

Next w

(4.2)

(4.3)

where
respec

J X

(4.4)

(4.5)

PPN Ny an ) =

1
g the beta integrals. [

ASES

se:

OL,B,0,0( ) = (OL B)( ).

z’B,M’O(X)
M(B+1) (d+8+1)
n(n+a+B+1) (o
C1 (u+1) n. (u+B+1) @ x) B+1 )]Pn
n(x) = MPg’O’(a+1)/M’O(2x—1)
(a,0)

((1-x)d/dx + n(n+a+l) + M)P (2x-1),
are KRALL's [3, § 16,17] Jacobi type polynomials,
he measure ((1-x)* + M—lﬁ(x))dx on [0,1].

nore,

n

M(2a+2) n>

Y,0,M,M
(x) = <1 M crayry

M(2a+l)
d n(n+20+1) (a,0)
[1+ n' (2a+l) (-2x dx * o+l )an COF

2
0,0,1/(2 1/(2
(a)(x) _ r?(n+1) 2 /(20),1/( oc)( )

-x d/dx + o + } n(n+l))Pn(X),

with




vhere Péa)(x) are KRALL's [3, §4.5] Legendre type polynomial
vith respect to the measure 1 (a+8 (x-1) + 8(x+1))dx on [-1,1]

By using Theorem 3.1 we obtain the quadratic transforma

(!,-%,O,ZM

PNy pad0. 20
(4.6) =2 :
Pg;u’M’M(]) Pg’ 2:032M(]')
P(x,OL,M,M(X) XP(].,%,O, (4&+6)M(2X2_1)
(4.7) 2n+l __n
' Pa,a,M,M(l) Pa,%,O,(4a+6)M(1)
2n+1 n

[n particular, these formulas connect Krall's Legendre and J

1omials with each other.

1N i= 1im p*2B2 0N
n n

B>
N(a+1)
, n ,d n
T & e e

(1-28"'x)

(4.8)
=[]+ 7
n,

>rthogonal polynomials on the interval [0,«) with respect to
-X_Q

((F(a+1))—1e x + N§(x))dx on the interval [0,«) and with t

Lg’N(O) - (a+1)n/n1 (cf. (1.6), (2.5), (4.2) and Theorem 3.1

-1

OR ),

(4.9) Rn(x) = RLn’

vhere Rn(x) are KRALL's [3, §10,11] Laguerre type polynomial

7vith respect to the measure (e_xi-R—lﬁ(x))dx on [0,»).
5. EXPRESSION AS HYPERGEOMETRIC SERIES

By (1.5) and (2.1) we have

ninin! Pa,B,M,N
(a+1)n(a+8+l)n(a+8+l)n n

(1-2x%)

= [ (o+p+1) ! (-B_Mx+ A N(1-x))d/dx+ A B_1-

n (—n)k(n+a+6+l)k Kk

(k=0 (a+1)k1§! x).

oly-

tion




By straightforward calculations we obtain
a,B,M,N, .
Pn (1-2%) (o l)n(u+8+1)n

= ' L]
z’B’M’N(l) (a+])(8+1)nn-An

(5.1)
P

n (—n)k(n+oc+8+1)k 12

-y - [-MB (a+B+1) k
k=0 (oc+2)k k! n

+ (NA_(a+B+1) 718 = MB_(a+B+1)” (a+1)

(a+1) (B+1) _n!
n A ]Xk.

* (a+1)n(a+8+1)n n

For M,N > 0 this becomes

(5.2) PS‘I’B,’M’Nu-zx) —n,n404B+1,-a_+1
= F
N 4F3
Pg’s Nepy a+2,-a_,b_

where a_ > n, b_ > 0 and
n n

ib - (a+1)(oc+8+1)(8+1)nn!An

nn (oc+])n(oc+8+l)nMBn ’

a -b =g 'aB!
n nn

. + (a+8+1)M_1An -

For M = 0, N # O:

p% 8,08y oy —n,n+a+B+],c +1
(.3 WIS = 3 "
prePe s (n 0L+2,cn

n

where

(a+1)(s+1)n n!

c =
n

(N(orB+1) T BB ) (t])_(at+D)




for N =0, M # 0:

Pz’B’&’O(I—ZX) —n,n+u+B+l,—(a+6+1)MﬁlAn+1
= 3F2

5.4) PG,B,M,O
n

)

Combination of (4.3), (2.5) and (5.3) yields KRALL's power se
vansion [3, § 16]. Combination of (4.6), (4.7), (2.5) and (5.4) yie

ﬁ’“’M’M(x), cf. [3,54].

€)) a+1,—(a+8+l)M—lAh
series expansion in x for P
y. SECOND ORDER DIFFERENTIAL EQUATION
Observe that
(BM-AN-(BM+AN)K? [(1-x2)d>/dx> + (B0 (oa+8+2)x)d
n n n n
+ (0t+8+1)Aanbn (x)

= (an(x)d/dx-kbn(x)) [BnM—AhN-(BnM+AhN)x)d/dx+(a+B+l)%

there

'6.1) a () := (B M-A N-(B M+A M)x) (1-x7),

'6.2) b_(x) := (a+B+1)(BnM+AnN+Aan)x2+2((0L+])AnN—(B+1)BnM)x :
+ (8—a+1)BnM+-(a—B+1)AnN-Aan(afB+1).

\lso put

6.3) cn(x) = Aanbn(x)+

—n(n+a+8+1)(a+B+1)_l(BnM—AhN—(BﬁM+AnN)x)2.

'hen, by use of (1.7) and (2.1) it follows that




o,B,M,N

(6.4) (an(x)d/dx-i-bn(x))Pn

@ = ((ars+1)_/n) e, 2 ().

Combination of (6.4) and (2.1) yields

o,B,M,N

THEOREM 6.1. P (x) satisfies a second order differential equation with

polynomial coefficients depending on n but of bounded degree.

See HAHN [2] for a more general study of orthogonal polynomials with
this property. LITTLEJOHN & SHORE [6] derive second order differential equa-
tions for the polynomials (4.3), (4.5), (4.9) in a different, more compli-
cated way.

7. FOURTH ORDER DIFFERENTIAL EQUATION FOR KRALL'S JACOBI TYPE POLYNOMIALS

Fix o > =1 and M > 0. Let Sn(x) be defined by (4.3). Combination of
(4.3) and (1.7) yields

(7.1) Sn(x) = [x(x—l)dz/dxzi-(a+1)xd/dx4%ﬂP§a’0)(2x~l).
Observe that, for arbitrary polynomials f, g, we have

g (x) [x(x-1)d%/dx> + (a+1)xd/dx + MIE(x) ((1-x)%+M 16 (x))dx

o

(7.2)

1
J £ (x) [x(x=1)/d%/dx® + ((a+3)x-2)d/dx+Mra+11g(x) (1-x)%dx.
0

Formulas (7.1), (7.2) and the orthogonality properties of Sn(x) and
Péa’o)(Zx-l) imply:

((n+u+1)(n+1)+M)(n(n+a)+M)Péu’0)(2x—l)

(7.3) 2
= [x(x-1) 417-+ ((0+3)x-2) é%~FM+a+1]Sn(x),

dx

where the coefficient of Péa’o)(Zx-l) is obtained by comparing the coeffi-

cients of x" at both sides of (7.3). Combination of (7.1) and (7.3) yields
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THEOREM 7.1. The polynomials Sn(x) are eigenfunctions of a fourth order dif-

ferential operator with polynomial coefficients not depending on n.

A calculation leads to the explicit form of KRALL's [3, § 14] differen-

tial equation.
8. LITTLEJOHN'S ORTHOGONAL POLYNOMIALS

After completion of the manuscript I received a paper by LITTLEJOHN [7],
0,0,M,N
n

paper) are eigenfunctions of a sixth order differential operator. The tech-

where he proves that the polynomials P (x) (notation of the present

niques of Section 7 also apply to this case and would lead to an eighth order

differential operator.
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